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Abstract It is shown that it is possible: (a) to derive the
2D scaled particle theory formula of the reversible work of
cavity creation using a geometric approach; (b) to obtain
the solvation Gibbs energy in a 2D Lennard-Jones fluid;
(c) to calculate the solvent contribution to the solvophobic
interaction of two Lennard-Jones disks on the basis of
geometric arguments. The solvent-excluded surface area
associated with cavity creation decreases significantly upon
pairwise association, leading to a marked increase in the
configurational/translational entropy of solvent disks.

Keywords Work of cavity creation -
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Introduction

Hydrophobic hydration and hydrophobic interaction are the
two main parts of the hydrophobic effect whose molecular/
physical origin is still a debated argument [1, 2], and
should play a fundamental role for the stability of the
folded conformation of globular proteins, the formation of
micelles and other aggregates [3—6]. Recently a 2D model
of water, the so-called Mercedes-Benz model, originally
devised by Ben-Naim [7], has gained credibility due to the
Monte Carlo simulation results obtained by Dill and col-
leagues [8—10]. The Mercedes-Benz model is limited by
construction because it is 2D and uses a simplified
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description of water—water H-bonds. Nevertheless, it is
able to produce thermodynamics for the solvation of Len-
nard-Jones, LJ, disks and for the pairwise association of
such disks that are in qualitative agreement with both
experimental data and simulation results in detailed water
models [8-10]. The success of the Mercedes-Benz water
model merits attention and calls for an explanation. In
particular, it would be important to try to address the role
played by the water—water H-bonds and their reorganiza-
tion. In fact, Southall and Dill found that the Gibbs energy
change for the pairwise association of small LJ disks does
not correlate with changes in the number of first shell H-
bonds due to enthalpy-entropy compensation [10]. This
means that the reorganization of water—water H-bonds as a
consequence of pairwise association cannot be the driving
force of the process and the latter has to be searched
elsewhere. In fact, Southall and Dill showed that the
potential of mean force, PMF, of two LJ disks with a radius
of 0.351 (i.e., [ is the dimensionless unit length, and
0.35 [ is exactly the LJ radius of Mercedes-Benz water
disks) can be well reproduced by means of a special
application of 2D scaled particle theory [11], SPT,
emphasizing that the water—water H-bonds and their reor-
ganization should not play a pivotal role [10].

I would like to go a step further by showing that 2D-SPT
can be derived by means of a geometric approach and that
this geometric ground explains its ability to qualitatively
reproduce the Gibbs energy change upon both solvation
and pairwise association of LJ disks in Mercedes-Benz
water. Specifically, I would like to show that a suitable
geometric application of 2D-SPT is able to produce a PMF
for the pairwise association of two large LJ disks (their
radius is 1.0 /) that is qualitatively similar to that obtained
in Mercedes-Benz water by Southall and Dill, and that they
did not try to reproduce by means of their special
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application of 2D-SPT [10]. The decrease in solvent-
excluded surface area on bringing in contact two disks
proves to be the fundamental variable to describe pairwise
association in a 2D LJ fluid, because it is a measure of the
gain in configurational/translational entropy of solvent
disks.

Theory

According to the statistical mechanical treatment of sol-
vation in real 3D liquids [12, 13], the Ben-Naim standard
[14] (i.e., transfer from a fixed position in the gas phase to a
fixed position in the liquid phase) Gibbs energy change for
the solvation of a LJ disk in a 2D solvent of LJ disks is
given by the sum of two contributions:

AG* = AG, +E, (1)

where AG. is the reversible work to create a cavity suitable
to host the solute [15], and E, is the energy gain for turning
on solute—solvent interactions; a term due to the solvent
reorganization upon solute insertion is not present because
enthalpy—entropy compensation is operative [12, 13]. Note
that in the rest of the article all the Gibbs energy terms are
normalized to the random thermal energy k7, so to have
dimensionless quantities.

It is possible to provide a geometric derivation of the
SPT formula to calculate the reversible work of cavity
creation in a 2D hard disk fluid, following the same
approach used in the case of 3D hard sphere fluids [16, 17].
In general, it has to be noted that there are two measures of
cavity size: (a) the radius of the circular region from which
all parts of the fluid disks are excluded, indicated by r.; (b)
the radius of the circular region from which the centres of
the fluid disks are excluded, indicated by R.; for circular
cavities R, = r. + ry, where r; is the radius of the fluid
hard disks. In analogy with the definition of the solvent
accessible surface area [18], SASA, in 3D, it is possible to
define the solvent accessible perimeter, SAP, in 2D; for
circular cavities SAP = 2nR..

According to a general theorem of statistical mechanics
[19], the reversible work of cavity creation is exactly
related to the probability of finding no centres of solvent
molecules in the desired circular region of R. radius,
po(R.), also called insertion probability (note that the
location of the cavity has to be fixed, but arbitrarily in the
system because the fluid density is uniform at equilibrium):

AG. /KT = —Inpo(R) 2)
Simple geometric arguments indicate that, for 0 < R, <
r1, at most one disk centre can be found in the cavity, so

that po(R.) can readily be obtained, leading to the following
exact relationship:
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AG./kT = —In(1 — - p, - R?) (3)

where p; is the number density of the 2D fluid, number of
disks for the square of the unit length indicated by [, and
considered to be dimensionless. For cavities having
R. > ry, the insertion probability po(R.) can be expressed
as the ratio between the ensemble average surface area
available to insert such a cavity and the total surface area of
the 2D fluid, so that:

AGc/kT = _anAavail (Rc)>/At0t] (4)

where Ay = 1/p;, while (A,.q(R.)) is a statistical
mechanical term that measures only the void area whose
dimensions allow the occurrence-insertion of a cavity of R,
radius; (A,v.i(R.)) is not a constant quantity for a given 2D
fluid, but it depends on the selected R. value. To a first
approximation, valid at low fluid densities, (A,,.(R.)) can
be related to the area excluded to each fluid disk of r
radius for the presence of the cavity by the following
relationship:

<Aavai1(Rc)> = At — [Nl : aex(rla rc)] (5)

where N, is the number of disks of r; radius in the Ay
surface area; a..(ry, r.) is the area excluded to each disk of
ry radius due to the insertion of a circular cavity of r,
radius. Since aey(ry, r.) = n(r; + ro)% and by defining the
surface packing fraction 5 = (1-r3/Ayy), the insertion
probability, after some rearrangements, becomes:

polre) = (L —n) - {1 = 2n/(1 =] - (re/r1)
= [n/(1=m)] - (re/r1)"} (6)

By putting the latter into Eq. 2, and expanding the
logarithm in powers of r. up to the linear term, one obtains:

AG:/kT = —In(1 —n) + [2n/(1 = n)] - (re/r1) (7)

In the condition of constant pressure and temperature,
upon insertion of a cavity of r, radius, the total surface area
of the hard disk fluid increases by a quantity corresponding
to the molar area of the inserted cavity [16, 17] (more
correctly, in a real 2D fluid, the partial molar area of the
inserted cavity). The latter area multiplied by the pressure
of the hard disk fluid gives a further contribution that
should be added to Eq. 7 to obtain a full expression for
AG/kT. According to SPT [20, 21], the pressure of a 2D
hard disk fluid is:

P/KT - py = 1/(1 =)’ (8)
and the AG/kT expression proves to be:
AG /KT = —In(1 —n) + [2n(/(1 = n)] - (re/r1)

+ [/ =] - (e ) 9)

This formula exactly corresponds to that derived by
means of a classic SPT approach by Helfand et al. [22].
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Note that the quadratic term obtained from the power series
expansion of Egs. 2 and 6 is not correct [i.e., the pressure
would be P/kT-p; = (1 + n/(1 — 11)2]; it is too large
probably because the (A.y.i(R.)) expression of Eq. 5 does
not take into account, in a correct manner, the non-overlap
condition for the solvent disks contacting the cavity
perimeter.

Another key quantity, the cavity contact correlation
function, G(R.), which is the conditional solvent density
just outside a circular cavity of R, radius, is given by [19]:

G(Re) = (1/2n- p, - R.) - [0(AG./kT) JOR.] (10)

By applying Eq. 10 to the expressions in Eqs. 3 and 9,
the cavity contact correlation function proves to be:

GOO<R.<m)=1/[l=m-p; - R]] (11)
GRe>r1)=(1/n-p;-Re)[n/(1—n)- r]
+nere/(1=n)* 1] (12)

The E,/kT term has to account for the energetic
interactions of a LJ disk solute in a fluid of LJ disks. It
can be calculated by using a simple formula derived
following the procedure devised by Pierotti in 3D [23]. In
the assumption that the solvent density at contact with the
solute is two times that of bulk solvent (for more on this
point see the “Results and Discussion” section), the
formula is:

E kT = —(48/5) - n- (e1 - &2)"* - [(r1 + 12) /2 - 1 ]?
(13)

where ¢; and ¢, are the Lennard-Jones potential parameters
for the solvent and solute, respectively, measuring the
magnitude of the maximum attractive potential energy and
assumed to be dimensionless. This formula is physically
sound, and should perform satisfactorily also in 2D.

Following geometric arguments developed in 3D sys-
tems [24, 25], for the pairwise association of two LJ disks
in a 2D fluid of LJ disks, the solvent contribution to the
Gibbs energy of the solvophobic interaction, 0G(SI)/kT,
can be calculated from the knowledge of SAP buried upon
association:

SG(SI) /KT = [(AG./KT - SAP) + (E,/kT - SAP)]
- ASAP (association) (14)

The SAP buried upon association is a negative quantity;
the AG.kT-SAP ratio is a positive quantity favouring
pairwise association; the E,/kT-SAP ratio is a negative
quantity contrasting pairwise association. The rationale is
that bringing two LJ disks from a fixed position at infinite
distance to a fixed position at contact distance in a 2D
solvent causes: (a) a decrease in the solvent-excluded area,
measured by the SAP decrease upon association, that
produces a significant gain of configurational/translational

entropy of solvent disks; (b) a decrease in the number of
solvent disks contacting the two LJ disk solutes, that leads
to a significant loss of favourable solute—solvent energetic
interactions [26].

The fraction of total SAP buried on bringing two disks
from infinite separation into close contact can be calculated
in an analytic way by means of the following formula
derived from a simple geometric construction:

fsap = arcos[rag/2 - (r; + 1)/ (15)

where rap is the distance between the centres of the A and
B solute disks; rsg cannot be smaller than 2-r,
(corresponding to the contact configuration of the two
disks). It is worth noting that fsap depends on the size of
the two approaching disks (because the radius of the
solvent disk is fixed; r; = 0.35 [ in this work), decreasing
significantly on increasing their radius. For the case
considered in the present study, r, = 1.0 [, fsap = 0.087
at rap =261 0.176 at rag =231, and 0.234 at
rap = 2.0 [. Thus, it is straightforward to calculate:

ASAP(association) = —4n(r; + r2) - fsap (16)

and so to obtain estimates of 0G(SI)/kT as a function
of FAB-

Results and discussion

2D-SPT calculations have been performed in a hard disk
fluid having a number density p; = 0.9 disks//* and a disk
radius r; = 0.35 [, so that the surface packing density
n = 0.3464; these numbers correspond to those originally
selected by Ben-Naim for the so-called Mercedes-Benz
water [7]. The trend of the AG/kT function is shown in
Fig. 1: curve a has been obtained by means of Eq. 3 and
the full expression of Eq. 9; curve b has been obtained by
neglecting the quadratic term corresponding to the pres-
sure-area work in Eq. 9. The AG./kT function is always

160

Fig. 1 Trend of AG./kT versus R. by taking into account the
pressure-area work contribution (curve a), or neglecting it (curve b).
See text for further details
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increasing as expected, and Fig. 1 emphasizes that the
quadratic term provides a very large contribution to AG./
kT. This is readily confirmed by looking at the G(R.)
function, whose trend is shown in Fig. 2: curve a has been
calculated by means of Egs. 11 and 12, whereas curve
b has been calculated by neglecting the last term in Eq. 12,
that originates from the pressure-area work contribution.
The G(R.) function is continuously increasing in the case
of curve a, even though it seems to level off at a value of
about 2.6 for large R. values, whereas it reaches a maxi-
mum at R. = 0.35 /, and then decreases continuously in
the case of curve b. In other words, on increasing the cavity
radius, in the first case, circular cavities prove to be wetted
by solvent disks, whereas, in the second case, they prove to
be de-wetted by solvent disks. This marked difference
confirms the major role played by the pressure-area work
contribution. The finding that, by taking into account the
pressure-area work contribution, the density of solvent
disks contacting the cavity perimeter is almost always two
times that of bulk solvent has been the ground for the

2.5 T T T T T

2.0+ .
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G(Ry)

05+ .

00 L L L

Fig. 2 Trend of the cavity contact correlation function G(R,) versus
R, by taking into account the pressure-area work contribution (curve
a), or neglecting it (curve b). See text for further details
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Fig. 3 Trend of AG./kT-SAP versus R. by taking into account the
pressure-area work contribution (curve a), or neglecting it (curve b).
See text for further details

@ Springer

assumption made in deriving the E,/kT expression in
Eq. 13.

The trend of the AGJ/kT-SAP function is shown in
Fig. 3: the function proves to be always linearly increasing
by considering Eq. 3 and the full expression of Eq. 9, as
shown by curve a; whereas it reaches a plateau for large R,
values by neglecting the pressure-area work contribution in
Eq. 9, as shown by curve b. In the case of 2D Mercedes-
Benz water, the AG./kT-SAP function, calculated by means
of Monte Carlo simulations, showed a plateau for large R,
values [9], probably because the pressure is very low in
such a fluid due to the existence of strong H-bonds.

For the Ben-Naim standard solvation Gibbs energy of a
LJ disk with r, = 1.0 and & = 0.1 in a LJ disk fluid
having p; = 0.9 disks/l?, ry =035 and & = 0.1, by
applying Egs. 9 and 13, one obtains: AG*/kT = (AG./
kT) 4+ (E/KT) = 10.07 — 1.24 = 8.83. This large positive
AG®/kT value emphasizes the solvophobic nature of the
process; its magnitude, however, proves to be significantly
larger than that calculated in Mercedes-Benz water due to
the pressure-area work contribution. The AGJ/kT term
proves to be dominant due to the small size of fluid disks
and the high number density of the fluid (i.e., the two
special features of water [12, 13, 17], and of Mercedes-
Benz water). On increasing the strength of the solute—sol-
vent energetic interactions, by keeping fixed all the other
parameters, the AG*/kT value would decrease and eventu-
ally could become also negative.

The solvent contribution to the solvophobic interaction
of two LJ disks having r, = 1.0 [ and &; = 0.1 in a LJ disk
fluid having p; = 0.9 disks/I?, r; = 0.35 [ and ¢, = 0.1,
has been calculated by means of Eqs. 14—16 as a function
of the disk centre—disk centre separation. The obtained
trends are shown in Fig. 4. It is evident that the [AG./
kT-SAP]-ASAP(association) term (curve a) provides a

0
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3t

4|

St . . . . .

2.0 2.2 2.4 2.6 2.8
rap/l

Fig. 4 Dependence of the [AG./kT-SAP]-ASAP(association) term
(curve a), the [E/kT-SAP)-ASAP(association) term (curve b), and
the solvent contribution dG(SI)/kT to pairwise association (curve c)
on the disk centre—disk centre distance rpg. See text for further details
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large negative contribution that overwhelms the small
positive contribution of the [E,/kT-SAP]-ASAP(associa-
tion) term (curve b). This means that the SAP decrease
upon disk association (that is an effective measure of the
decrease in the solvent-excluded surface area) causes a so
large gain in configurational/translational entropy for sol-
vent disks to drive pairwise association [24]. This result is a
consequence of the small size of solvent disks and the large
number density of the solvent: both these features are
characteristic of real water. The trend of dG(SI)/kT versus
rap (i.e., the calculated PMF, curve c¢) is qualitatively
similar to that obtained for the same LJ disks in the Mer-
cedes-Benz water by Southall and Dill, performing NPT
Monte Carlo simulations (see Fig. 10 in Ref. [10]). The
approximately linear decrease of the Gibbs energy on
bringing in contact the two disks has to be considered a
clear indication that ASAP is the right variable to describe
the process also in Mercedes-Benz water [i.e., the geo-
metric arguments leading to Eqs. 14-16 are right]. It is
worth noting that I have already shown that a similar
geometric approach is able to shed light on the confor-
mational stability of globular proteins, in particular on the
occurrence of cold denaturation [27].

The quantitative discrepancy for the stability of the
contact configuration at rag = 2.1 [, 6G(SI)/kT = —1.8 in
the Mercedes-Benz water versus —3.8 with the present
procedure, is surely because the pressure-area work con-
tribution is too large in the 2D hard sphere fluid. The fact
that the PMF calculated by Southall and Dill starts to be
negative at rag & 3.0 [ (see Fig. 10 in Ref. [10]), whereas
the present one starts to be negative at rag &~ 2.7 [ (see
curve ¢ in Fig. 4), is a simple consequence of a specific
feature of Mercedes-Benz water disks. They have two size
measures by construction [7-10]: the LJ radius of 0.35 [,
and the H-bond radius of 0.5 [; this feature affects fsap
because the latter depends on the solvent disk radius, as
indicated by Eq. 15.

A final point merits attention. The hydration shell of the
LJ disk with r, = 1.0 [ consists of about 10 Mercedes-
Benz water disks and so about 10 water—water H-bonds
(see Fig. 11 in Ref. [10]). The hydration shell of two such
LJ disks in the contact configuration consists of about 14
Mercedes-Benz water disks for a net loss of about 6 water—
water H-bonds with respect to the separated configuration
of the two LJ disks. In view of the energetic strength of H-
bonds in Mercedes-Benz water [8—10], such a loss should
render unfavourable pairwise association. But this is not
the case, as shown by the Monte Carlo simulation results
[10], because the reorganization of water—water H-bonds is
characterized by an almost complete enthalpy—entropy
compensation [12, 13, 17, 28], and the overall Gibbs
energy is dominated by the gain in configurational/trans-
lational entropy of Mercedes-Benz water disks for the

decrease in solvent-excluded surface area (i.e., the SAP
decrease) on bringing in contact the two LIJ disks.

In conclusion, I have shown that it is possible: (a) to
derive the 2D-SPT formula of AG. by using a geometric
approach; (b) to obtain the solvation Gibbs energy in a
2D LIJ fluid; (c) to calculate the solvent contribution to
the solvophobic interaction of two LJ disks on the basis
of geometric arguments. The solvent-excluded surface
area associated with cavity creation decreases signifi-
cantly upon pairwise association, leading to a marked
increase in the configurational/translational entropy of
solvent disks.
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